In this review article, I first cover preliminaries of point particle mechanics, introduce the nature and role of the constraint of a mechanical system, and the nature of Killing vectors as explicit symmetry of a geodesic. Then, starting from a general Randers-Finsler spacetime, I describe how the Jacobi-Maupertuis and Eisenhart lift formulations produce a different Rander-Finsler action of lower or higher dimension, also showing how the Eisenhart lift transforms a Killing vector to higher dimensional space for Riemannian and Lorentzian versions of the lift.
Introduction
Gravity is one of the four fundamental forces of nature, and a consequence of the curvature of spacetime geometry, universally applying to all objects. Any other forces arise from potential functions that act on top of this curved spacetime background. However, with suitable geometric manipulation, gravity can be portrayed as a potential function acting on top of a flat spacetime background. Conversely, one can formulate curved spacetimes that simulate the effects of the other fundamental forces arising from potential functions, such as the Jacobi-Maupertuis metric [1, 2, 3, 4] , and the Eisenhart lift.
In 1941, G. Randers [5] modified a Riemannian metric g = g ij (x) dx i ⊗ dx j into a Finsler metric by adding a linear term A = A i (x)dx i , the resulting action on the tangent space given by
The Randers-Finsler action is a general way to account for the influence of curvature of spacetime, and gauge field interactions on the mechanical action of a point particle. Recently, in [4] , alongside Gibbons, Guha, Maraner, and Werner, I had discussed the concept of a constraint for momentum of relativistic particles to deduce the Jacobi-Maupertuis metric that appears in Randers-Finsler form. Until then, the formulation for both, Jacobi metric and Eisenhart lift was always centered around the Hamiltonian as a conserved quantity of autonomous mechanics. Here, I will try to describe a proper procedure for the formulation of the Jacobi-Maupertuis metric and the Eisenhart lift of the Randers-Finsler action, this time centered completely around the constraint instead of the Hamiltonian. The Jacobi-Maupertuis metric is a projection of a geodesic onto a hypersurface characterized by the conserved momentum associated with a cyclical co-ordinate. When formulated for non-relativistic mechanics, it effectively recasts Newton's equations into geodesic equations for Randers-Finsler spacetimes. Ong applied the Jacobi metric to gravity [7] to study its curvature for the Newtonian n-body problem. Usually it is formulated from the Hamiltonian of the system [2, 3, 6] , or by using Maupertuis principle [4] , by dismissing the momentum associated with the cyclical co-ordinate as a constant, thus reducing the number of canonical pairs. The Eisenhart lift was already formulated by Eisenhart [8] , but rediscovered, revised and further developed by Gibbons, Duval, Horvathy and others [9, 10, 11, 12, 13, 14, 15, 16, 17, 18] , allows us to lift a spacetime metric to higher dimension without altering its mechanics. Lichnerowicz and Teichmann generalized it to a larger class of ambient spacetimes [19] , while Morand and Bekaert discussed it further [20, 21] , and Galajinsky and others incorporated a cosmic scale factor [22, 23] . When a mechanical system is parametrized with respect to one of the co-ordinates (usually time), then depending on whether time is a cyclical co-ordinate or not, the Eisenhart lift will evolve into either the Riemannian [11, 12, 13] or Lorentzian [11, 13, 14, 15] version respectively, which allowed us to convert a classical Lagrangian into a geodesic one.
Killing vectors fields, named after Wilhelm Killing, describe vector fields generating continuous isometries along which the metric remains invariant. Thus, Killing vectors generate explicit symmetries of a geodesic and are associated with a conserved quantity that is a first order polynomial in terms of momentum. Naturally, one may ask how the Killing vector fields of the spacetime formulated via Eisenhart lift compares to the original Killing vector associated with the original Randers-Finsler spacetime.
In this review article, I shall first cover the mechanical preliminaries associated with Randers-Finsler spacetime, introduce the constraint for point particle mechanics, showing how it can act as a generator of equations akin to Hamiltonian in Hamiltonian mechanics, then proceed to study explicit mechanical symmetries in the form of Killing vectors and their properties. Then, using the constraint, I shall demonstrate how to formulate the Jacobi metric and the Eisenhart lifts for Randers-Finsler spacetimes, and deduce the Killing equations for the Eisenhart lifted spacetime, comparing them to the original Killing equation.
Preliminaries
The Randers-Finsler form of mechanical action is a very general way to account for curved background geometry and gauge field interactions in the mechanics of a point particle. The first part under the square root accounts for the curvature related part of the action that universally applies to particles universally regardless of their physical properties, while the rest outside it account for the gauge field interaction terms. However, while different, the observed mechanical force arising from both sources can appear similar and thus, one can recast the formulation for each individual particle to have effects of curvature appear as that of gauge field potentials, and vice-versa, as I shall demonstrate with the formulation of Jacobi metric, and Eisenhart lifts. Thus, the Randers-Finsler form is the most general way to account for both effects in the action.
Maupertuis formulation and Randers-Finsler form
Given any Lagrangian L, the mechanical action S along a path between two points parametrised by τ can be written as:
Now, I shall introduce an important rule which will be necessary here:
Varying the action (2.1.1) and applying (2.1.2) gives us:
We can say that along the geodesic, it shall satisfy the Euler-Lagrange equation:
Using (2.1.4) for the dynamical path allows us to write the variation of the action (2.1.1) as:
Thus, one can clearly see that the action varies with the variation at the end points of the path, showing us that along the geodesic:
Therefore, I can write the following theorem regarding the action integral:
Theorem 1 Provided a Lagrangian L, for which an action S is that of the Randers form of the Finsler metric:
which is linear in dependence on velocity variablesẋ i , and thus reparametrization invariant, which spans the entire set of velocity variables defining L, we can say that
which are the Maupertuis form of the action and Lagrangian, showing us that the overall Hamiltonian is a vanishing quantity, given by:
Upon parametrization wrt any one of the co-ordinates x 0 , I will have:
Under the circumstances that a variable x 0 = t is cyclical (ie. ∂L ∂x 0 = 0), there will be a conserved momentum p 0 conjugate to x 0 according to (2.1.4) d dτ
There are 2 alternatives for the form of the Lagrangian that can be derived from the form provided in (2.1.6), to which such rules will apply. I can modify the action to parametrization wrt either: (1) Proper time, or (2) Observed time. I will elaborate on both cases below:
Proper time:
Proper time σ is observed in the object's own frame, where it is at rest wrt itself. Under this parametrisation, the action and Lagrangian are:
where the velocity vector { dx µ dσ , µ = 0, 1, ..., n} obeys the constraint: g µν (x) dx µ dσ dx ν dσ = 1.
Observed time
In this case, the (00) component for time is given by a perturbation around the flat space as g 00 (x) = 1 − 2Φ(x). This is followed by a binomial expansion up to the first order, as discussed in [25] .
Furthermore, under the circumstances of a time-dependent or non-autonomous system, parametrising the action wrt observed time by settingṫ = 1
helps describe the Lagrangian of a time-dependent mechanical system
as a Lagrangian dependent on time t, but apparently independent ofṫ.
Since in the 2nd case the velocity component for time is lost after it is given the status of a parameter, its conjugate momentum is provided according to the Legendre theorem (2.1.9), according to which, the conserved quantity for autonomous systems is given by:
Thus, the Hamiltonian is given by:
Since H is a function of x and p, the variation of H gives the Hamilton's equation of motion. Furthermore, the Hamilton's equations of motion are given by:
Now, I shall discuss the constraint associated with momenta of a particle.
Constraint on momenta
Starting with the Randers-Finsler form of Lagrangian introduced in (2.1.6), from the canonical momenta p, I can introduce the gauge-covariant momenta π given by:
then I can easily show from (2.2.1) that the gauge-covariant momenta obey the constraint:
One can see that the constraint for momenta (2.2.2) defined for Randers-Finsler Lagrangian can act as a generator of equations of motion. If one takes a derivative of the constraint as follows: 
Thus, from (2.2.4) and (2.2.5), we have the constraint equivalent of Hamilton's equations of motion:
Under the circumstances that one starts with the constraint, knowing the position x and momentum values p, one can deduce the action starting from (2.2.4)
and by using Maupertuis principle (2.1.5), we can write:
From (2.2.2), we can write:
which upon application to (2.2.7), will give us:
which is the original Randers-Finsler action (2.1.6). Thus, the action can be given by:
Killing equation: Explicit Symmetry of a geodesic
Explicit symmetries are born from isometries and generated by Killing vectors. Consider the Randers-Finsler Lagrangian (2.1.6). From (2.1.2), I can introduce a new rule necessary here:
where the ∆ operator is a covariant variation operator, while δ is the regular variation operator, and D Dτ is the covariant derivative operator along parameter τ . Using (2.3.1), the variation of (2.1.6) will be given by:
where I have written δL = ∆L since L is a scalar. If I define the variation δx k = K k as the Killing vector, and define it as a direction of symmetry for the Lagrangian, then we will have:
For arbitrary values of dx i dσ in (2.3.2), we will have the equations:
The first equation of (2.3.3) holds even if A i (x) = 0, showing that the same Killing vector generates the symmetry for all values of A i (x). This feature of the Killing vector will be relevant later when I shall discuss the conserved quantity. Alternatively, defining δx k = K k as the Killing vector in (2.1.3), and defining it as a direction of symmetry for the action will lead us to the following equations as condition for symmetry:
Now assume a curve labeled C 1 , which describes the dynamical path for the geodesic Lagrangian given by setting A i (x) = 0 in the Randers-Finsler Lagrangian (2.1.6):
Under variation about any curve, the symmetry equations (2.3.4) will respectively become:
There are 2 situations under which the equations of (2.3.6) will hold, leading to an interesting property of the Killing vector.
On the path of the geodesic Lagrangian
Consider a curve C 1 describing the dynamical path for the geodesic Lagrangian (2.3.5) x(t).
The Euler-Lagrange equation of motion (2.1.4) satisfied on C 1 can be written as:
thus, we can see that the first symmetry equation (2.3.4) will hold. If isometry is demanded about C 1 (δS = 0) for L g , then from the 2nd equation of (2.3.4), we will have:
and by applying the geodesic equation (2.3.7), the Killing vector equation is given by
confirming the Killing vector equation on C 1 .
On the path of the Randers-Finsler Lagrangian
Consider a curve labeled C 2 that describes the dynamical path y(t) for the Randers-Finsler Lagrangian (2.1.6):
where L f is the Finsler deformation of the original geodesic Lagrangian L g (2.3.5). Here, I shall state a theorem:
Theorem 2 In a point particle mechanical system governed by mechanics related to the Randers-Finsler Lagrangian, the Killing vector is orthogonal to the force derived from the potential functions.
Proof 1
The Euler-Lagrange equation satisfied by the Randers-Finsler Lagrangian (2.1.6) on curve C 2 would thus be:
Now, consider the action integral of the geodesic Lagrangian (2.3.5) along the curve C 2
If I take the variation of the action integral along the Killing vector direction by setting δy i (y) = K i (y), we shall have according to (2.1.3) and (2.3.7):
Applying (2.3.10) to (2.3.11), the first Killing symmetry equation of (2.3.6) will become:
3.12)
Thus, we can say that the Killing Vector K(y) is orthogonal to the force F of the gauge potential functions A(y) that deforms the dynamical path from x(τ ) to y(τ ).
This is a generalization of [26] , where it was shown to be orthogonal only to the gradient of the scalar field only. Thus, the 2nd equation of (2.3.6) holding true implies:
and by applying the geodesic Lagrangian (2.3.5) and the orthogonality condition (2.3.12), the Killing vector equation is given by
thus confirming the Killing vector equation off the classical path. Now, the conserved quantity for the Randers-Finsler Lagrangian is given by:
Since the same Killing vector applies for both L g and L, the conserved quantity (2.3.13) is also valid here, telling us that (2.3.15) actually describes 2 conserved quantities, the 2nd one being:
The Jacobi Maupertuis metric
Based on the Maupertuis form of action on the classical path, if there is a cyclical co-ordinate, one can project the geodesic onto a hypersurface defined by the associated conserved momentum to create another geodesic defined by a new Randers-Finsler action without the cyclical co-ordinate [4] . Suppose that we have a Randers-Finsler action under parametrization wrt τ given by:
If we choose to identify a co-ordinate among them as x 0 = y, then I can write the Lagrangian from (3.1) as:
for which we have the following canonical momenta:
If x 0 = y is a cyclical co-ordinate, then the conjugate canonical momentum is a constant of motion p 0 = q, and the gauge-covariant momenta defined by (2.2.1):
where I have introduced a new gauge field defined as:
The gauge covariant momenta (3.4) will obey the constraint equation (2.2.2), written as:
from which we can see that.
Since I am hiding a canonical pair in this system, I can rewrite (3.6) into a different constraint equation of the same form (2.2.2)
where Π i = p i − α i (x). We can therefore define:
Thus, upon applying (3.9) to the modified constraint (3.8), the 1st of the constraint equations (2.2.6) is:
which I can use to write:
According to the Maupertuis principle (2.2.7), using (3.5), (3.10), and (3.11), I can finally write the Jacobi action as:
Furthermore, writing C(x) = g 00 (x) g 00 (x) − (W (x)) 2 , and applying (3.7), we can see from (3.10) that:
showing that the velocities deduced from the constraint (3.8) are related to the same velocities deduced from the original constraint (3.6) by a conformal factor. Thus, the direction ratios along the curve at every point of the projected geodesic of the Jacobi metric will be the same as with the original curve. We shall next consider the Jacobi metric under different settings
Jacobi metric for different settings
Now that I have formulated the Jacobi metric for the general Randers-Finsler metric, I shall now show what the Jacobi metric looks like for different settings for the original Randers-Finsler metric. W (x) = q , α i (x) = −γ ik (x)g k0 (x)q and thus, we will have the Jacobi metric:
No gauge fields
which is the result presented in [4] .
2. Curved subspace g 00 (x) = 1, g 0i (x) = 0, A µ (x) = 0 In this case, the Jacobi action is given by:
If we can say that
where ε − A 0 (x) ≪ 1, then I can write:
which is the non-relativistic limit discussed in [4] , and in [1] when A i (x) = 0.
The Eisenhart lift
While the actual force due to potentials is not the same as apparent force due to the curvature of spacetime, we can always formulate another spacetime that imitates the effects of such potentials. We can either formulate the Jacobi metric [1, 4] , which is another spacetime of same dimensions as the previous, or lift the spacetime to higher dimension via the Eisenhart lift. The Eisenhart lift is a technique developed by Eisenhart [8] and developed by Gibbons, Duval, Horvathy and others [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] to formulate an expanded spacetime (hence, it is called a lift), where the curvature can dynamically imitate effects of a force due to a potential function.
Here, I shall introduce a different kind of Eisenhart lift, centered around the Randers-Finsler Lagrangian form and the constraint obeyed by the momenta. We start by considering a Randers-Finsler action (2.1.6) given by:
The gauge-covariant momentum π deduced from the Lagrangian is:
for which the constraint (2.2.2) obeyed by the momenta is:
If I perform a lift:
then we will have the lifted constraint:
where |α(x)| 2 = g ij (x)α i (x)α j (x), α i (x) = g ij (x)α j (x) and µ, ν = {0, 1, ..., n}. The first of the constraint equations for (4.1) is:
Plugging (4.2) back into the constraint (4.1), we can see that:
Thus, I have lifted the Randers-Finsler form into the form of a Riemannian metric based action without gauge fields for which the Eisenhart lifted action is:
Presence of a cyclical co-ordinate
If there is a cyclical co-ordinate x 0 = y, then I can write the Lagrangian as:
As in the case of the Jacobi-Maupertuis metric, I can write the constraint (2.2.2) as:
, which I can rewrite as:
If I perform the Eisenhart lift on the constraint as follows:
the constraint (4.1.1) will become
which we can see describes the constraint for the Riemannian action with the metric components:
.
The 1st constraint equations of (2.2.6) for this constraint (4.1.3) will be:
(4.1.5)
Using the equations (4.1.5) the constraint (4.1.3) can be written as:
from which, the metric components are given by:
for which the Eisenhart lifted action is:
Thus, while the action may not have been lifted the action by increasing the number of canonical pairs, I have converted the action from the Randers-Finsler form into the Riemannian action form free of gauge fields.
Parametrization wrt time
If the Randers-Finsler Lagrangian is parametrized wrt time and a non-relativistic approximation is taken, as done for (2.1.11), we will have:
we will have the corresponding Hamiltonian according to (2.1.13):
2.1)
with the Hamilton's equations of motion:
(4.
2.2)
If I lift the Hamiltonian to a homogeneously quadratic form in momenta by writing:
the lifted form of (4.2.1) will be: Here, I will split separate the momentum conjugate to time as Q(t) = q + p u (t), designating H = qp v , and the manner of the lift will depend on the circumstances surrounding Q(t).
Riemannian lift for time-independence
In this case we will have p u (t) = 0 ⇒ Q(t) = q, and the lifted Hamiltonian (4.2.4) will be:
from which we have the Hamilton's equations of motion according to (2.1.14) :
and since the geodesic Hamiltonian associated with a Riemannian form action is equivalent to the Lagrangian, I can write the lifted Lagrangian by applying (4.2.6) into the Hamiltonian (4.2.5):
Thus, I can write the metric as:
Lorentzian lift for time-dependence
In this case p u (t) = 0 I designate a new canonical pair (u, p u ) such that t = u pv , and Q(t) = q + p u , giving us the lifted Hamiltonian:
2.9)
with the Hamilton's equations of motion according to (2.1.14) :
As before, applying (4.2.10) to (4.2.9) will give us the Lagrangian: 2.11) and consequently, the lifted metric is: 
Killing vector under Riemannian lift
The metric components for the lifted metric and their inverses according to (4.2.4) and (4.2.8) are:
A useful rule we will employ here to describe the Christoffel connection values will be:
) Thus, the Christoffel connection components for the lifted metric components (4.3.1) are:
,
The symmetry equation (2.3.6) results in the Killing equations with the lifted metric (4.3.1):
Using the Christoffel connection components (4.3.2), I can write:
Thus, we can see that the original Killing vector equation (2.3.9) is deformed due to the existence of magnetic vector potential terms under the Eisenhart Riemannian lift:
and one gets the following equations with the lifted component of the Killing vector:
where we can see that upon applying the condition A i (x) = α i (x) = 0 to (4.3.4) to lift a system without magnetic fields to a static spacetime, the Killing vector equation (2.3.9) will be preserved, and (4.3.5) will match the results in [24] .
Killing vector under the Lorentzian lift
We previously showed the deformation of the Killing vector under the Riemannian lift. Now I shall describe the same for the Lorentzian lift for non-autonomous systems.
The Killing equations for the lifted metric (4.2.12) are:
From the Lorentzian lifted metric, the non-zero metric components are:
One can see that Ω 0 µν = 0, and Ω v µν = −α i (x, t)Ω i µν . Thus, the Christoffel connection components deduced from the Lorentzian lifted metric (4.3.7) are:
] Ω i vv = Ω i jv = Ω i 0v = 0 (4.3.8)
Thus, using such properties alongside the Christoffel connection components (4.3.8), I can write:
Upon applying the above equations into (4.3.6), we can see that the original Killing vector equation (2.3.9) is deformed under the Magnetic Eisenhart Lorentzian lift into:
3.9)
and we get the following equations with the lifted component of the Killing vector: where we can see that upon applying the condition A i (x) = α i (x) = 0 to (4.3.9) to lift a system without magnetic fields to a static spacetime, the Killing vector equation (2.3.9) will be preserved in (4.3.9).
Conclusion and Discussion
We started by reviewing mechanics from Lagrangian viewpoint for the Randers-Finsler metric, demonstrated how the constraint for a point particle mechanical system can act as a generator for equations of motion, and showed how the Killing equation arises from the isometry of the metric, and from the symmetry of the action for a geometric Lagrangian. Furthermore, I have also shown that when a particle's trajectory for a geometric Lagrangian is deformed from the classical path, the Killing vector is orthogonal to the force derived from the potentials for which the deformed path would be the classical one.
Then I describe the formulation of Jacobi-Maupertuis metric for the Randers-Finsler metric when a cyclical co-ordinate is available. This time, the formulation is based around the constraint associated with point particle mechanical systems instead of the Maupertuis principle. Afterwards, I discuss two specific settings of the gauge fields and metric components in connection to previous publications.
Finally, I have shown how the Eisenhart lift can formulate a geodesic Riemannian action that is mechanically equivalent to a given Randers-Finsler action using the constraint. Furthermore, I have shown that lifting a Lagrangian parametrized with respect to time will develop into either the Riemannian, or the Lorentzian lift, depending on whether the original Lagrangian was time-independent, or timedependent respectively. Then I proceeded to derive the Killing vector equations under the Riemannian and Lorentzian lifts, effectively showing that in the absence of magnetic fields in the original Lagrangian, the original Killing vector is preserved.
